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Abstract. Three-dimensional Einstein-Maxwell theory with non trivial 
asymptotics at null infinity is solved. The symmetry algebra is a Virasoro- 
Kac-Moody type algebra that extends the bms3 algebra of the purely grav¬ 
itational case. Solution space involves logarithms and provides a tractable 
example of a polyhomogeneous solution space. The associated surface 
charges are non-integrable and non-conserved due to the presence of electro¬ 
magnetic news. As in the four-dimensional purely gravitational case, their 
algebra involves a field-dependent central charge. 
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1 Introduction 

The original studies of four-dimensional asymptotically flat spacetimes at null in¬ 
finity HH3I and their extensions to include the electromagnetic field w rely on 
an expansion in inverse powers of the radial coordinate r for the metric compo¬ 
nents or the spin and tetrad coefficients. In order to guarantee a self-consistent 
solution space, some of these expansions need well-chosen gaps so as to prevent the 
appearance of logarithmic terms in r. 

In more recent investigations, this assumption has been relaxed. More general 
consistent solution spaces have been proposed that involve double series with inverse 
powers and logarithms in r from the very beginning. Details on such “polyhomoge- 
neous spacetimes” can be found for instance in [5H8]. 

Another non trivial aspect of 4d spacetimes with non trivial asymptotics at Seri 
is that charges associated to the asymptotic symmetry transformations, even though 
well-defined, are neither conserved nor integrable [9]. Furthermore, when considering 
a local version of the asymptotic symmetry algebra [10, IT] , the associated current 
algebra acquires a field dependent central extension |[T2[ii3j|. 

In contrast, three-dimensional asymptotically flat Einstein gravity at null infinity 
is much easier, in the sense that the expansion in inverse powers of r of the general 
solution with non trivial asymptotics can be shown not to admit logarithms and 
to truncate after the leading order terms HU- The symmetry algebra ra is bms 3 , 
the charges are conserved, integrable (and also r independent [15]), while their 
algebra involves a constant central extension [[16], closely related to the one for 
asymptotically anti-de Sitter spacetimes HE- 

The purpose of the present paper is to study three-dimensional Einstein-Maxwell 
theory with asymptotically flat boundary conditions at null infinity. This model al¬ 
lows one to illustrate several aspects of the four dimensional case in a simplified 
setting. On the one hand, there is a clear physical reason for the occurrence of loga¬ 
rithms as such a term is needed in the time component of the gauge potential in order 
to generate electric charge. This term leads to a self-consistent polyhomogeneous 
solution space that includes the charged analog of particle [Uj and cosmological so¬ 
lutions [T9M22] . The latter correspond to the flat space limit of the three-dimensional 
charged rotating asymptotically anti-de Sitter black holes [23 j. On the other hand, 
the asymptotic symmetry algebra is a Virasoro-Kac-Moody type algebra that ex¬ 
tends the bms 3 algebra of the purely gravitational case. The associated surface 
charges turn out to be neither conserved nor integrable due to the presence of elec¬ 
tromagnetic news. Furthermore the algebra of surface charges now involves a field 
dependent central charge that persists when switching off the news. 
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The plan of the paper is the following. In the next section, we work out the 
asymptotic symmetry algebra. In section [3[ we present the polyhomogeneous solu¬ 
tion space, while section [4| is devoted to the surface charges and their algebra. In the 
last section, we show that upon switching off the electromagnetic news, not surpris¬ 
ingly, charges become conserved and integrable. Nevertheless, both the asymptotic 
symmetry algebra and the central charge involve field dependent terms. The ap¬ 
pendix contains details on intermediate computations that are omitted from the 
main text. Finally, a last section is devoted to a comparison of the novel results 
derived here in three and previous results obtained in four dimensions. 


2 Asymptotic symmetries 

To work out the asymptotic symmetries, we follow closely the original literature 
[24] and adapt it to the current context. More generally, for the Einstein-Yang- 
Mills system in all dimensions greater than 3, this problem has been addressed 
recently in detail in a unified way both for flat and anti-de Sitter backgrounds 
in [25]. In this approach, the gauge fixing condition in the definition of asymptotic 
flat spacetimes fix the radial dependence of gauge parameters completely, while the 
fall-off conditions fix the temporal dependence. In the current set-up, the fall-off 
conditions on A u are more relaxed as compared to those considered in section 5.5 
of [25] in order to account for non-vanishing electric charge. As a consequence, the 
time dependence of the electromagnetic gauge parameter is no longer fixed, unless 
one switches off the news. 

In order to define asymptotic flatness of the three-dimensional Einstein-Maxwell 
at future null infinity, coordinates u, r, cj) are used together with the gauge fixing 
ansatz 

/ Ve 2 P + r 2 U 2 -e 2/3 
9 nu = -e 2/3 0 

\ —r 2 U 0 

where U,/3,V and Au^A^ are functions of -u,r, (j). Suitable fall-off conditions that 
allow for non-vanishing electric charge are 

U = o(r -1 ), V = o(r), 

A u = 0( In-), A 

r 0 

where ro is a constant radial scale. 

The gauge structure of Einstein-Maxwell theory can be described as follows. 
Gauge parameters are pairs (£ M , e) consisting of a vector field GA an d a scalar e. 


/3 = o(r°), 

T 

= 0 {In - , 

r 0 


( 2 . 2 ) 


-r 2 u\ 


A r = 0, 


( 2 . 1 ) 
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A generating set of gauge symmetries can be chosen as 

~ = £,^A^ + 8^6. (2-3) 

When the gauge parameters are held dependent, as will be the case for the pa¬ 
rameters of asymptotic symmetries below, the commutator of gauge transformations 
contains additional terms: 


[^(?l,ei)J 6^2,e 2 )] (Sk^) -^A 4 ) ^[(£l,ei),( 62 ,£ 2 )\ M ^9lU'i (2-4) 

where the Lie (algebroid) bracket for held dependent gauge parameters is dehned 
through 

[(si) ^l)j ( 6 ) ^2)]^ (6 8)1 

£ = [6)6] + %i,ei)6 - <%,e 2 )6 ) e = 6(^2) + <%.D) e 2 _ (1 ^ 2 )- 


Gauge transformations preserving asymptotically hat configurations are explic¬ 
itly worked out in Appendix IA.ll They are determined by gauge parameters de¬ 
pending linearly and homogeneously on arbitrary functions T(0), Y((f>), E(u, <j>) ac¬ 
cording to 


C = f = T + uY', 

rca 2/3 ft 

C = -rd<4* + rUf = -rY’ + /" + 0 ( 1 ), 

r°° e 2 / 3 A/, In — 

e-E(u,<t>) + f\ —^ir' = E(uA)+ 0(—=2-), 

J r T* T 


(2.6) 


where dot and prime denote u and f> derivatives, respectively. 

Consider then the “bmSa/Maxwell” Lie algebra consisting of triples s = ( T , Y, E ) 
with bracket 

[si,s 2 ]= (T,Y,E), (2.7) 

where 


T = Y i r 2 + T 1 Y'-( 1 - 2 ), Y = ¥,¥'-( 1 ^ 2 ), E = Y X E' 2 + fiE 2 - (1 - 2 ). (2.8) 

This is the asymptotic symmetry algebra of the system in the following sense: 

When equipped with the modified bracket dm the parameters (I2TD of the resid¬ 
ual gauge symmetries form a representation of the Lie algebra (12.711 . 

The proof, following the one originally worked out in mi, is sketched in Ap¬ 
pendix IA.21 
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3 Solution space 


In this section, we present the polyhomogeneous solution space for our model, fol¬ 
lowing mainly |2||7j ; 26 j. 

We start from the Einstein-Maxwell Lagrangian density in three dimensions 

V~9 ( D 77 2 


C = 


F 1 ), 


(3.1) 

(3.2) 


167rG 

with equations of motion 

du(V=gFn = 0, L llu := G IW - T ijm = 0, 
where = 2 F W F U P - \g^F 2 . 

The detailed analysis in Appendix IA.3I then yields the following results: given 
the ansatz 

r 


A * - ■/■) 111 — + ^—— 


(3,3) 


m= 1 n =0 

at a fixed time Uo, the general solution to the Einstein-Maxwell system in three 
dimensions with the prescribed asymptotics is completely determined in terms of 
the initial data A°(u 0 , 0), Ann^o, 0), the news functions A°(u,0) and integration 
functions oj(4>), A(0), 0(0), y(0) according to 

a = —uj — u\', N = x + u6' 

.,2 




a “ Ann(hl^) 


m= 1 n =0 


r m+2 


(3.4) 

(3.5) 


U = 


4A« 111 — + 2\a- N 


r o 


2r 2 


+ 


r 0 


V = 2A 2 111 — + e + 
r o 


S2 

rn=l n =0 
go m 


Umni}- ft 


r o ' 


r-m+2 


r a „ „ B mn ( In—)" 

A u = -Aln- + A° + -+ 2 2 r ° 


m=l n =0 


^m+1 


2aA' - 2Acd 


+ 


S2 


V m „(ln £) 


r 


ra+l 


(3.6) 

(3.7) 

(3.8) 


m= 1n=0 

where the functions /3 m n,U mnj B mn ,V mn are determined recursively in terms of the 
initial data, the news, the integration functions and their 0 derivatives. In particular, 

K = - X ’ + (<)’■ (3-9) 

Furthermore, the leading parts of the metric and electromagnetic gauge potentials 
are given by 

ds 2 = [2A 2 In — + 6 + 0(r _1 )ldu 2 — [2 + 0(W 2 )ldu<ir 
r 0 

— [4Aaln — + 2A a — x — u0' + Chr” 1 In — )ldud0 + r 2 d0 2 , (3.10) 

r 0 ' r 0 

Aa, = a In — + A 0 , + 0{r~ l In —), A u = —Ain — + A 0 + 0{r~ l ). (3.11) 
r 0 v r 0 r 0 
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Asymptotic symmetries transform solutions to solutions. This allows one to 
work out the transformation properties of the functions characterising asymptotic 
solution space: 


C i9uu : -89 = YO' + 2(9 - X 2 )Y' - 2Y'", 

-8X = YX! + X Y\ 

^9u<f> ■ = Y X ' + 2(x - 2o;A)Y" + TO’ + 2(9 - X 2 )T' - 2T'", 

-8u = Yu' + uY' + TX' + XT', 


C^A U + e : - 5A° U = Y(A°J + (A° + X)Y' + fA° u + E, 

+ e' : - <L4$ = Y(A°)' + (A° - a )V + fA° + A° u f + E'. 


(3.12) 


4 Surface charge algebra 


Associating charges to asymptotic symmetries in general relativity is a notoriously 
subtle question. The approach followed here consists in deriving conserved co¬ 
dimension 2 forms in the linearized theory that can be shown to be uniquely associ¬ 
ated, up to standard amiguities, to the exact symmetries of the background p71429] . 
When using these expressions for asymptotic symmetries in the full theory, neither 
conservation nor integrability is guaranteed pnanaEo]. 


More concretely, using the general expressions for the linearized Einstein-Maxwell 
system derived in |31| . the surface charge one form of the linearized theory reduces 
to 


= -5 <b I<Xe + d) K, 


L <5£,<5e 


e-e, 


(4.1) 


SCO 


SCO 


SCO 


SCO 


where 


Kte = (dx n - 2 ),„^pL[VT - + 4 F^(CA a + e)], 

h^rG ( 4 . 2 ) 

e = + 4 F^5A a ], 

and S' 00 is the circle at constant u = u$ and r = R —> oo. At this stage, we have used 
already that expressions in § soo that are proportional to the exact generalized 
Killing equations vanish, 


Yglg f = 0, 

S co 

g flp 5A l/ (C^A p + d p e)^g(d n ~ 2 x) lxv = 0, 

5® 


(4.3) 


when evaluated for solutions and asymptotic symmetry parameters (12.611 . As in four¬ 
dimensional asymptotically flat pure Einstein gravity [9], the remaining expression 
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then splits into an integrable part and a non-integrable part proportional to the 
electromagnetic news, 

<j> = fiQs + ©S, (4.4) 

SCO 


with 


Q s [g,A] = 


167tG 


r2n _ 

# 0 T + Y(x + 4AA°) + 4A E 

Jo 


e, [ s g ,6A-, !l ,Al = ^ d l 


(4.5) 




It follows that (8G) -1 #, (8G) _1 (x + 4AA°), (20)“^ can be interpreted as the mass, 
angular momentum and electric charge aspect, respectively. 

Applying now the proposal of mm for the modified bracket of the integrable 
part of the charges, 


{QsilQsz} As2^S1 4 ~ 0 S2 [ As j (j , (5 S1 A, (yf, A] , 


(4.6) 


gives 


where 


{Q sl ,Qs 2 } Qpl,S 2 ] 4“ K.S 1 .S 2 , 


(4.7) 


A' = 1 

S1,S2 8ttG 


2tt 


d(p Y[T' 2 - 2A/j A 2 - ATA) - (1 <- 2) . (4.8) 


It is then straightforward to check that the field dependent central extension satisfies 
the generalised cocycle condition 


Ap li s 2 ],s 3 A S3 AT S1S2 + cyclic (1,2,3) 0. 


(4.9) 


5 Switching off the news 

In the analysis above, we are in an unusual situation where the asymptotic symmetry 
algebra depends arbitrarily on time through the dependence of E on u. This can 
be fixed by requiring the electromagnetic news function to vanish, A Q U = 0. Since 
asymptotic symmetries need to preserve this condition, we find from (13.1211 that E = 
E — ' du'XY'. The asymptotic symmetry algebra then becomes time independent, 
but field dependent since the last of (12.81) gets replaced by 

E = Y x E' 2 - T{Y 2 \ — (1 <-> 2). (5.1) 

Charges become integrable and conserved: the second, non integrable part vanishes 
while in the first line of (14.51) . A, A° get replaced by E,A In order to see this, 
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one has to go back to (14.111 where the second term now contributes to remove the 
n-dependent terms when using that, on shell, E = E((p) — u\{(j))Y' , and A ° = 
A^((j)) — u\'. Finally, the held dependent central charge becomes 

i r 2n 

^ J <bf> [RT" + A 2 T- (1 « 2)]. (5.2) 

6 Discussion 

Apart from its intrinsic interest, one might hope that the elaborate symmetry struc¬ 
ture and the explicit solution of the three-dimensional Einstein-Maxwell system 
with non trivial asymptotics at Seri presented here could be suitably tuned so as 
to have applications in the context of holographic condensed matter models in 1+1 
dimensions. Indeed, the Einstein-Maxwell system with various backgrounds, asymp¬ 
totics, and additional scalar or form fields is ubiquitous in this context, see for in¬ 
stance [321 - 134] . and more specifically [35H37] in three bulk dimensions. From the 
viewpoint of symmetries as well, this is quite reasonable since the bms.j algebra is 
isomorphic to gca 2 , the Galilean conformal algebra in 2 dimensions [38|f39]. 

Independently of such speculations, let us compare the three-dimensional re¬ 
sults derived here to those of the four dimensional case. First, we note that in the 
four dimensional Einstein-Maxwell system, one imposes the conditions A r = 0 and 
A u = 0(r -1 ) (see e.g. |1] and [40] section II.C for a detailed discussion of pure 
electromagnetism). As shown in [:25], from the viewpoint of asymptotic symmetries, 
the absence of a term in A u of order zero in r -1 also guarantees a time independent 
symmetry algebra similar to the one discussed here in three dimensions, but with an 
additional arbitrary dependence on the supplementary polar angle. In four dimen¬ 
sions, the electromagnetic news nevertheless persists since it is encoded in different 
components of the vector potential. 

Concerning the algebra of charges, there does not exist, to our knowledge, a 
complete study of the Einstein-Maxwell system in the four-dimensional case. That 
is the reason why we compare the rest of the results here to the purely gravitational 
ones in four dimensions. 

As recalled in the introduction, in four dimensions, self-consistent asymptoti¬ 
cally flat solution spaces at Seri including charged black hole solutions have been 
constructed in spaces involving integer powers of 1/r. 

The simplest solution in three dimensions is the flat limit of the charged BTZ 
black hole. It is characterized by u = 0 = A° = A mn = A ° and 6 = 8GM, x = 8 GJ, 
X = 2 GQ, where M, J,Q are constants that, according to (14.51) . are interpreted as 
the mass, angular momentum and electric charge of the solution. Let us recall that 
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the uncharged solutions with Q = 0 describe three dimensional cosmologies [201 [22] 
when M^O and spinning particles, i.e., the angular defects and excesses of [18], 
when M < 0. 

In both cases, it is the news, electromagnetic in the former and gravitational in 
the latter, that is responsible for the non-integrability and non conservation of the 
charges. In the latter case, there is no (field-dependent) central extension, unless one 
admits singular symmetry generators at null infinity and considers a local extension 
of the bms 4 algebra including superrotations [TTjjT3] . It disappears when switching 
off the news, as this reduces super to standard Lorentz rotations. In the former case, 
superrotations always exist and are globally well-defined at null infinity. The field 
dependent central extension persists even after switching off the electromagnetic 
news. To our knowledge, this is the first example in the context of asymptotic 
symmetries where there is a field dependent term in the symmetry algebra and in 
the central extension of the algebra of conserved and integrable charges. 

The first field independent term in (15.21) exists also for pure gravity in three 
dimensions and is well understood from a cohomological point of view [161131]. It 
has also been used in an argument pertaining to the Bekenstein-Hawking entropy 
of the three-dimensional cosmological solutions [42,43], modeled on the one in El 
for the BTZ black holes. 

The second field dependent term involving the electric charge aspect, is novel and 
much less understood. It certainly deserves further study, both from the viewpoint 
of Lie algebroid cohomology and from a physical perspective. 

Finally, let us comment on the nature of the solutions considered here. As in the 
majority of the papers on the subject since the pioneering work by Bondi et al. [I], 
the solutions are constructed as formal power series in the radial coordinate. In the 
poly homogeneous case, there has been an investigation of convergence and existence 
of such solutions for linear massless higher spin fields on Minkowski spacetime as 
a preliminary study for the gravitational problem 01- Addressing this question is 
clearly relevant in this set-up as well, but beyond the scope of the current work. We 
just note that the asymptotic symmetry algebra itself is not very sensitive to the 
details of solution space, as it is based solely on (12.11) . (12.21) and the absence of news 
in later considerations. 
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A Details on computations 

A.l Residual symmetries 

Gauge parameters that preserve the metric ansatz depend on two arbitrary func¬ 
tions T((/>), Y{(ft ): 

• C^g rr = 0 implies d r £ u = 0 and so £“ = f(u, (ft), 

e 2 /3 g2;3 

• Ctfrd> = 0 implies d r ^ = — d^f and so £? = Y(u, (ft) - dr'—^d^f, 

• C^g H = 0 implies C = -r{d^ - Ud^f), 

• Y^g V( p = o(r) implies d u Y = 0 and so Y = Y(<ft), 

• C^g ur = o(r°) implies d u f = d^Y and so f = T((ft) + ud^Y , 

• Y,^g uu = o(r) implies no further conditions. 

The gauge parameter e preserving the gauge and fall-off conditions of the gauge 
potentials depends on an arbitrary function E(u, (ft) according to 

• C(.A r + d r e = 0 implies e = E{u, (ft) + d^ u < —^r L dr', 

• C^A U + d u e = O(ln^) = C^A^ + d^e imply no further conditions. 

A.2 Asymptotic symmetry algebra 

We want to show that the gauge parameters (12.61) . when equipped with the bracket 
(12.51) . provide a representation of the Lie algebra (12.71) . By evaluating C^g, w , we find 

(A.l) 


8/3 = t, a d a /3 + \[d u f + d r C + d^fU], 

8U = C a d a U + U[8 u f + d^fU - d£*] - d u e ~ d r £*V + d^^r, 





12 


G. Barnich, P.H. Lambert, P. Mao 


while —SA^ = d a A$ + A a d^ + d^e. It follows that 
' S& = 0, 

Si (d r £i) = d+h^Srf, 

S1C2 = - fyfzSiU], 

Si(d r e 2 ) = - 4 ? {d^fie^SiA^ + d (j> f 2 e 2fi A^25 1 f3) . 

Direct computation then shows that 

drC = drf = 0 , dj = d^Y, f = T + udfjX , 

e^f 


dr?= r2 

C = - d+ UdJ 
d^fe^A'f, 


lim C P = Y, 


d r e = 


lim e = E, 


(A.2) 


which proves the result since these conditions determine uniquely gauge parameters 
(12.61) where (T, Y, E ) have been replaced by (T, Y, E ). 


A.3 Solution space 

The equations of motion can be organized as as follows 


a,(V=sf w ) = 0 . 

(A.3) 

SAV=gF*') - 0 , 

(A.4) 

5,(V=5f"') - 0 , 

(A.5) 

Lra G rOL Tra 

(A.6) 

G (pfj) r ^-'(f)(j) ■ 0, 

(A. 7) 

L U( f) = G U( j) T U( j) — 0, 

(A.8) 

^nn G uu T uu 0. 

(A.9) 


When equations (IA.3I) and (IA.4D hold, the electromagnetic Bianchi equation reduces 
to d r [d„(y/^gF rv )] = 0. This means that if <A(^/~ = gF ri/ ) = 0 for some constant r, 
it vanishes for all r. The gravitational Bianchi identities can be written as 

0 = 2 = 2 d„W=tLD + + 2v^V,T;. (A.10) 

When (lA.3l) - (lA.6j) are satished and n = r in (1A.10I) . one gets L^,d r g^ = 0 which im¬ 
plies = 0. In this case, the remaining Bianchi identities reduce to 2 d v {^J—gL v ^) = 
0 = 2d l/ {^J~^gL v u ). The first one gives <9 r (rL U 0) = 0. This means that if rL U( f, = 0 for 
some fixed r, it vanishes everywhere. Finally, when L u< ^ = 0, the last Bianchi iden¬ 
tity reads d r (rL uu ) = 0. Thus the only non-vanishing term of rL uu is the constant 
one. 

Accordingly, the equations of motions are solved in the following order: 
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• 4 main equations: L rr = 0, d v (y/—gF ul ') = 0, L r< p = 0, L ru = 0, 

• 1 standard equation: d v {sJ~ r gF^ >l/ ) = 0, 

• 3 supplementary equations: d v (^/—gF rv ) = 0, L= 0, L uu = 0, 

• 1 trivial equation: L^ = 0. 


Starting with L rr = 0, we have g rr = 0, R rr = 2^—, T rr = — (FT) 2 . Hence 

ry* ' ' ' 

d r f3 = -( F r< k ) 2 and thus f3 = f3 0 (u,(j)) — dr' —( F r(j) ) 2 with f3 0 an integration 

rr* ' JR rr*/ ' 

constant. The fall-off condition f3 = o(r°) puts j3$ to zero and thus, 


P = ~ dr —( F r(j> y. 


(A.ll) 


Consider now the equation d v {-\J—gF ul> ) = 0. Explicitly, this equation reads 
d r (re 213 F ur ) 4- d^(re 2/3 F u< ^) = 0. Defining 


m 


e 2 ^F ur - -e~ 2 / 3 (F UT - UF rt ), 


(A.12) 


and using e 2/8 F u '^ = —- Zy^, this equation of motion is a first order differential 
equation for m, 


d r (rm ) = 


d(pF r< p 


-X - r dr 

Jr 


00 d<pF r( f 


m = 


(A.13) 


with A (u, </>) a constant of integration. 

For L r( p = 0, we have g r $ = 0, R r( p = —d < j )r f3 + -^- — r 2 e~ 2l3 d r (3d r U + -re~ 2 dd r U + 
r 2 

—e~ 2/3 d rr U, T r( p = 2F rr f ) m. Defining 


n := —e 2/3 d r U, 
2 


(A. 14) 


d 6 

Rr<t> = 4—-—h ( d r 4— ) n, the equation is a first order differential equation 

for n, 


n 


d r n 4— = 2F r( f ) m 4- d r 




n = 


N - 2 dr' r'(2F r<j> m + d r<j) (3 - ^-) 
2 r 


-, (A.15) 
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with N(u, (j)) an integration constant. As a consequence of the fall-off condition on 
U, we end up with 

, 2e 2 ^ 


U = 


~ 

Jr 


dr' 


n/2 


-n ). 


(A.16) 


For L ur = 0, we have G ru = -\g ru {R H g <l>(l, +2R r( i > g r ^+R rr g rr ), R H = re 2/3 (d r V+ 

2 d+U) - 28^(3 + r 2 e-^d^ r U - 2{d^f - —r\d r U) 2 and -2 r 2 (T ru g ru + T r0 , f* + 
\T rr g rr ) = 2 r 2 m 2 . This gives 

d r V = 2re 2 ^m 2 + 2e ^ d ^ - rd^U + 2e ^ d ^ + \e~^ r \d r Uf - 2d+U, (A.17) 

r r 2 


and 
V = 6 


rco 

■ dr' 

Jr 


2 re 2/3 m 2 + 




+ \e~ V r 3 (d T Uf - 2d t u ). (A.18) 


with 6{u, (j)) a constant of integration. 
For j 5= 0, we have 


XLo C Hk ri 1 ln> " r ’ * ^ °> 


<7 r [r* lid r] = < 


(A-19) 


jr 1 In- 7 1 r, 


z = 0, 


I 


r* In 7 r dr = < 


XLo D ijkr l+1 ln fc r, i # -1, 
ln J+1 r 

i = - 1 , 


(A.20) 


j + 1 

for some coefficients CV^ and D l]kl and up to constants for the integrations. Consider 
then series S n with elements of the form 


Yj Sij(u, 4>)r l In 7 r, (A.21) 

i ^ —n, 0 ^ j ^ — i—n 

with ?z^0. These series satisfy 5" +1 c S n , S n * S m c: l 5"+ m ; (<S n )' c: 5 n+1 . For 
integration however, $dr <S n+1 cr S n , up to constants for n # 0 and the divergent 
logarithmic term for n = 0. 

The ansatz (13.31) belongs to 5°, up to the divergent logarithmic term propor¬ 
tional to a(u,4>). This implies F r( j, e 5 1 and f3 in (1A.11I) . because of the absence 
of the constant, belongs to S 2 with all coefficients determined by the coefficients 
a(u,4>),A mn {u,4>) of (E2D. 
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In the same way, from (1A.13[) . it follows that m e 5 1 with all coefficients deter¬ 
mined by those of (13.311 and the integration function A. 


For U, we have in a first stage that n belongs to S° and is determined by the data 
in (13.31) and the integration constants A, N. For U itself, it follows from (1A.16I) . that 
it belongs to 5 1 , with no new integration constant because of the assumed fall-off. 


Finally, it follows from (1A. 181) that V belongs to <S°, up to a logarithmic diver¬ 
gence, with coefficients determined by the data in (13.31) and the integration functions 
a, A, N, 6 . 


In summary, by integrating m in r in order to get A u and making the a depen¬ 
dence explicit, we fold that all main equations are solved as 


A a' ^rrimn (In F) r 

™ = ~~ - ~2 + L Zj ' 

m= 1 n =0 
oo m 


r r 

2 r 2 


r m+2 


. a- vv /? m „(ln £)' 


r m +2 


m= 1 n =0 


u = 


4Xaln^ + 2 Xa-N ^ ^ U mn { ln£) 


2 r 2 


+ 


22 


r o ' 


V 


ra +2 


A u - -A In — + A° u + — + 


ro 


r 


m=1n =0 

' 00 m B mn ( ln£)" 

y > m + 1 


V = 2XAn — + 9 + 


m—1n =0 

2aA' - 2Acd 


+ 


r 0 r 

00 m V m „(ln£)" 


22 

m—1 n—0 


r-m+1 


(A.22) 
(A.23) 
(A.24) 
(A.25) 
(A.26) 
(A.27) 


where m mn , P mn ,U mn ,V mn , B mn are determined by a(w,0), A mn (u,4>), the integra¬ 
tion constants A(u, </>), 1 V(m, </>) and their <f> derivatives. 

The standard equation determines the u evolution of and A mn (u,(f)). In¬ 

deed, —gF^) = d u {re 2 PF^ u ) + d r (re 2 ^ F^ r ) = 0. Since e 2 ^F^ r = Um + 

-5 (■ F u<t> + VF r(j) ), e 2 ' 3 F^ u = F rh we get 

Um + — ( F U( j, + VF r( p) , 

which is a differential equation governing the u-dependence of F rt f, and thus of A^. 
In terms of coefficients, we get 

A--A', i»--A'+«)', i,„„ +1 = (2m+1) ^ + A '^ | (A.28) 

r 2 [n + 1) 

where A mn+ ± = 0 when n = m and X mn is a linear combination of a, A^, A mn , 
integration functions A, A°, N, 6 and their <fr derivative. 


A/ F r0 T ( o r -\- 
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The first supplementary equation reads explicitly 0 = d u (^/—gF ru ) = d u (re 213 F ru ) + 


d^re 2 ' 3 F r ^). Since e 2/3 F ru = —m = - +0[r 2 ) and e 2/3 F r & = 


1 


V 


Urn --( F ur j, H- F, 


ref) 


0(r 2 ), linp.^oo d v (sf^gF rv ) = 0 implies A = 0 so that A = A(0). The first of equa¬ 
tion (1A.28|) then implies a = —u((f)) — u\'. 

For the second supplementary equation, L U(b = 0, we have L U( k = — (O' — N) + 

2r 

0(r~ 2 ). Hence, lim r - >00 (r , I' U ^) = 0 implies N = O'. 


For the last supplementary equation L uu = 0, we have L uu = —h 0(r 2 ). 

r 

limj.-.oo (rL uu ) = 0 then implies d u Q = 0 and thus 0 = 0{<j>) and then also that 
N = X {(t>) + u0'. 
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